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Abstract
Let M be a connected complete noncompact n-dimensional Riemannian man-
ifold with a base point p ∈ M whose radial sectional curvature at p is bounded
from below by that of a noncompact surface of revolution which admits a finite
total curvature where n ≥ 2. Note here that our radial curvatures can change signs
wildly. We then show that limt→∞ volBt(p)/t
n exists where volBt(p) denotes the
volume of the open metric ball Bt(p) with center p and radius t. Moreover we show
that in addition if the limit above is positive, then M has finite topological type
and there is therefore a finitely upper bound on the number of ends of M .
1 Introduction
It is a great delight to try generalizing classic results of the relationships between a total
curvature and topology of a connected complete noncompact 2-dimensional Riemannian
manifold S to higher dimensions. The reason for our joy is largely due to a well known
theorem of Cohn-Vossen [6] in 1935 which states that if S is finitely connected and
admits a total curvature c(S) as an extended real number, then c(S) ≤ 2πχ(S) holds
where χ(S) denotes the Euler characteristic of S, and hence c(S) is not a topological
invariant anymore. Here S is finitely connected if there is a compact 2-dimensional
Riemannian manifold V and finite numbers of points p1, p2, . . . , pk ∈ V (k ≥ 1) such that
S is homeomorphic to V \ {p1, p2, . . . , pk}. Besides, Cohn-Vossen showed, applying the
theorem above, that if S has nonnegative Gaussian curvature everywhere, then S is either
diffeomorphic to a plane or else isometric to a flat cylinder or a flat open Mo¨blius strip.
As one of extensions of Cohn-Vossen’s theorem above to higher dimensions, Cheeger
and Gromoll [5] proved the soul theorem in 1972, which states that for every complete
noncompact Riemannian manifold X with nonnegative sectional curvature everywhere
there is a compact totally geodesic submanifold, called the soul, of X such that X is
diffeomorphic to the normal bundle over the soul.
Huber [11] showed in 1957 that if S admits a finite total curvature, which implies
c(S) ∈ (−∞, 2π] by Cohn-Vossen’s theorem above, then S is finitely connected. As a
weak version of the soul theorem, Gromov [9] showed, applying the Grove-Shiohama
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theory [10] of critical points of distance functions, in 1981 that the X above has finite
topological type, i.e., X is homeomorphic to the interior of a compact manifold with
boundary and consequently, we can say that his result is one of extensions of Huber’s
theorem rather than a weak version of the soul theorem that he said. What should be
noted here is the fact that X must employ the Euclidean space of dimension 2, denoted
by R2, as a reference surface in comparison theorems such as the Toponogov comparison
theorem. The total curvature of R2 is thus 0, but Huber’s theorem also holds for all S
whose total curvatures take a finite value in (−∞, 2π] other than 0.
It is a meaningful observation on the geometry of total curvatures that we restrict c(S)
from being bounded from below by a constant, because c(S) is not a topological invariant.
For example the following theorem of Shiohama is remarkable about the restriction.
Theorem 1.1 ([21]) Let S be oriented, finitely connected, and have one end. If c(S) >
(2χ(S)−1)π, then all Busemann functions on S are exhaustions. In particular, if c(S) >
π, then S is homeomorphic to R2 and also all Busemann functions on S are exhaustions.
Is it appropriate for us to extend Theorem 1.1 to complete noncompact Riemannian
manifolds of higher dimensions which have all curvatures everywhere bounded from below
by 0, or −1? No, it is not, for total curvatures of reference surfaces, R2, or the hyperbolic
plane H2(−1), in comparison theorems for such manifolds are 0 corresponding to R2, or
−∞ corresponding to H2(−1), which are less than π. It is therefore natural that we desire
radial curvature geometry to extend Huber’s finite connectivity theorem, Theorem 1.1,
and other classic results that we can find in [22] to higher dimensions, because Gaussian
curvatures of reference surfaces in the radial curvature geometry can wildly change their
signs so that we can restrict total curvatures of the surfaces from being bounded from
below by a constant.
We will introduce the radial curvature geometry. Let M˜n be a simply connected
complete n-dimensional Riemannian manifold with a base point p˜ ∈ M˜n where n ≥ 2,
and d˜ the distance function of M˜n. Set ℓ := supx˜∈M˜n d˜(p˜, x˜) ≤ ∞ and S
n−1
p˜ := {v ∈
Tp˜M˜
n | ‖v‖ = 1} where Tp˜M˜n denotes the tangent space at p˜ ∈ M˜n. We then call the
pair (M˜n, p˜) an n-dimensional model surface of revolution if its Riemannian metric ds˜2
is expressed in terms of geodesic polar coordinates around p˜ as
(1.1) ds˜2 = dt2 + f(t)2ds˜2
S
n−1
p˜
(θ)
for all (t, θ) ∈ (0, ℓ)× Sn−1p˜ . In Eq. (1.1), f : (0, ℓ) −→ R is the warping function of M˜
n,
which is, by definition, a positive smooth function satisfying the Jacobi equation
(1.2) f ′′(t) +G(γ˜(t))f(t) = 0
with initial conditions f(0) = 0 and f ′(0) = 1 where G denotes the sectional curvature of
M˜n and γ˜ denotes any meridian emanating from p˜ = γ˜(0), and ds˜
S
n−1
p˜
is the Riemannian
metric on Sn−1p˜ . The function K˜ := G ◦ γ˜ : [0, ℓ) −→ R is called the radial curvature
function of M˜n. In the case of n = 2 we simply call (M˜2, p˜) the surface of revolution,
and then Eq. (1.1) is also expressed simply as ds˜2 = dt2 + f(t)2dθ2 ((t, θ) ∈ (0, ℓ)× S1p˜).
Remark 1.2 Katz and the first author [13] classified complete Riemannian manifolds
with symmetric radial curvature, and hence n-dimensional model surfaces of revolution
were classified. Moreover in their energetic study Mao and his collaborators employ such
spherically symmetric manifolds to develop geometric analysis and inequalities to a wider
class of metrics, see [8], [19], [20], and so on.
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We now say that a connected complete n-dimensional Riemannian manifold M with a
base point p ∈ M has radial curvature at p bounded from below by that of a surface of
revolution (M˜2, p˜) if, along every unit speed minimal geodesic γ : [0, a) −→M emanating
from p = γ(0),
KM (γ
′(t), v) ≥ K˜(t)
holds for all t ∈ [0, a) and all v ∈ Tγ(t)M with v ⊥ γ
′(t) where KM (γ
′(t), v) denotes the
sectional curvature of M restricted to the 2-dimensional linear space in Tγ(t)M spanned
by γ′(t) and v, and K˜ denotes the radial curvature function of M˜2.
Our purpose of this article is to extend Huber’s finite connectivity theorem to higher
dimensions in radial curvature geometry, and our main theorem is stated as follows:
Theorem 1.3 Let M be a connected complete noncompact n-dimensional Riemannian
manifold with a base point p ∈ M whose radial curvature at p is bounded from below by
that of a noncompact surface of revolution (M˜2, p˜) where n ≥ 2. Assume M˜2 admits a
finite total curvature. We then have that
(1) limt→∞ volBt(p)/t
n exists where volBt(p) denotes the volume of the open metric ball
Bt(p) with center p and radius t;
(2) in addition, if the limit is positive, then M has finite topological type and there is a
noncompact surface of revolution M∗ admitting a finite total curvature such that the
number of ends of M is less than or equal to 2{1− c(M∗)/2π}n−1.
Remark 1.4 We here give remarks on Theorem 1.3 and related results to the theorem.
1. As was noted above, our radial curvatures can change signs wildly. For example
there is a noncompact surface of revolution admitting a finite total curvature whose
radial curvature function K˜ is not bounded, which means lim inf t→∞ K˜(t) = −∞,
or lim supt→∞ K˜(t) =∞, see [23, Theorem 1.4].
2. The first author and Tanaka [15] extended Huber’s finite connectivity theorem
to higher dimensions as follows: Let M be a connected complete noncompact n-
dimensional Riemannian manifold with a base point p ∈M whose radial curvature
at p is bounded from below by that of a noncompact surface of revolution (M˜2, p˜)
where n ≥ 2. If
(a) M˜2 admits a finite total curvature, and if
(b) M˜2 has no pair of cut points in the set V˜ (δ0) := {x˜ ∈ M˜2 | 0 < θ(x˜) < δ0} for
some δ0 ∈ (0, π],
then M has finite topological type.
3. The two assumptions (a) and (b) above can be replaced with one assumption
c(M˜2) ∈ (−∞, 2π), see [23, Theorem 1.3] of the first author and Tanaka.
4. Abresch and Gromoll [2] also showed the finiteness of topological type of a complete
noncompact n-dimensional Riemannian manifold X having not only nonnegative
Ricci curvature outside the open distance t0-ball around p ∈ X for some constant
t0 > 0, but also sectional curvature everywhere bounded from below by a negative
constant, and moreover admitting diameter growth of small order o(t1/n). Note
that we find that the diameter growth is too restrictive from the radial curvature
geometry point of view, see [15, example 1.1].
3
5. Abresch [1] obtained an upper bound on the number of ends of an asymptotically
nonnegatively curved manifold, which is a manifold whose radial curvature at a
base point is bounded from below by the radial curvature function, denoted by
F˜ , satisfying F˜ < 0, F˜ ′ ≥ 0, and
∫∞
0 −tF˜ (t) dt < ∞. Note that these conditions
implies that the reference surface of such a manifold is an Hadamard one admitting
a finite total curvature. So we can say that our class of metrics in Theorem 1.3 are
wider than that of asymptotically nonnegatively curved metrics.
Remark 1.5 Theorem 1.1 had been extended to higher dimensions in radial curvature
geometry by the first author and Tanaka [16] as follows: Let M be a connected complete
noncompact n-dimensional Riemannian manifold with a base point p ∈ M whose radial
curvature at p is bounded from below by that of a noncompact von Mangoldt surface of
revolution (M˜2, p˜). If c(M˜2) > π, then all Busemann functions of M are exhaustions.
Here a von Mangoldt surface of revolution is, by definition, a surface of revolution whose
radial curvature function is nonincreasing on [0,∞). They further extended this result
to an M which is not less curved than a more general surface of revolution, see [18].
Remark 1.6 This article is a part of the master thesis of second author, Yamaguchi
University.
In the following sections all geodesics will be normalized unless otherwise stated.
2 Preliminaries
We will here recall two lemmas and a theorem, because we need all of them to estimate
an upper bound on the number of ends of manifolds which is one of the statements of
Theorem 1.3. (See the proof of Lemma 3.4 in the next section.)
The following lemma and theorem are due to the first author and Tanaka.
Lemma 2.1 ([23, Model Lemma II]) Let (M˜2, p˜) be a noncompact surface of revolution.
Set G∗(t) := min{K˜(t), 0} for each t ∈ [0,∞) where K˜ denotes the radial curvature
function of M˜2. If M˜2 admits a finite total curvature less than 2π, then there is a
noncompact surface of revolution (M∗, p∗) whose warping function m : (0,∞) −→ R
satisfies the Jacobi equation m′′(t) + G∗(t)m(t) = 0 with m(0) = 0 and m′(0) = 1 such
that M∗ admits a finite total curvature.
Theorem 2.2 ([15, A new type of Toponogov’s comparison theorem]) Let M be a con-
nected complete noncompact Riemannian manifold whose radial curvature at the base
point p is bounded from below by that of a noncompact surface of revolution (M˜2, p˜) with
the metric given by Eq. (1.1) for n = 2 . If the set V˜ (δ0) := {x˜ ∈ M˜2 | 0 < θ(x˜) < δ0}
has no pair of cut points for some δ0 ∈ (0, π], then for any geodesic triangle △(pxy) in
M with ∠(xpy) < δ0, there is a geodesic triangle △˜(pxy) := △(p˜x˜y˜) in V˜ (δ0) such that
(2.1) d˜(p˜, x˜) = d(p, x), d˜(p˜, y˜) = d(p, y), d˜(x˜, y˜) = d(x, y)
and that
(2.2) ∠(xpy) ≥ ∠(x˜p˜y˜), ∠(pxy) ≥ ∠(p˜x˜y˜), ∠(pyx) ≥ ∠(p˜y˜x˜)
where d denotes the distance function of M , and ∠(pxy) denotes the angle between the
minimal geodesics from x to p and y forming the triangle △(pxy).
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The following lemma (or more precisely a technique) is originally from Cohn-Vossen’s
article [7], and this higher dimensional version is a direct consequence of the generalized
first variation formula (e.g. [12, Lemma 2.1]).
Lemma 2.3 (Cohn-Vossen’s technique) Let M be a complete noncompact Riemannian
manifold, and ζ : [0,∞) −→ M a ray emanating from q := ζ(0). Fix x 6∈ ζ([0,∞)).
For any θ ∈ (0, π/2) there are then a constant r0 ∈ [0,∞) and a mininal geodesic
segment γ : [0, t0] −→ M emanating from x to ζ(r0), where t0 := d(x, ζ(r0)), such that
∠(ζ′(r0), γ
′(t0)) < θ where ∠(ζ
′(r0), γ
′(t0)) denotes the angle between the tangent vectors
ζ′(r0) and γ
′(t0) at ζ(r0).
3 Proof of Theorem 1.3
Throughout this section let M be a connected complete noncompact n-dimensional Rie-
mannian manifold with a base point p whose radial curvature at p is bounded from below
by that of a noncompact surface of revolution (M˜2, p˜), and let ds˜2 denote the Riemannian
metric of M˜2 given by Eq. (1.1) for n = 2 with the warping function f : (0,∞) −→ R
satisfying Eq. (1.2). In these settings we assume that M˜2 admits a finite total curvature,
denoted by c(M˜2), which implies c(M˜2) exits in (−∞, 2π] by Cohn-Vossen’s theorem.
Let (M˜n, o˜) be the noncompact n-dimensional model surface of revolution whose
warping function is f of M˜2 where o˜ ∈ M˜n denotes the base point of it. Note that
the radial curvature of M at p is also bounded from below by that of (M˜n, o˜). Let
Bt(o˜) ⊂ M˜n be the metric open ball with center o˜ and radius t, and ωn−1 the volume of
S
n−1
o˜ = {v ∈ To˜M˜
n | ‖v‖ = 1}.
Lemma 3.1 limt→∞ volBt(p)/t
n exists.
Proof. Since volBt(o˜) = ωn−1
∫ t
0
f(r)n−1dr, we have
(3.1) lim
t→∞
volBt(p)
tn
= ωn−1 · lim
t→∞
volBt(p)
volBt(o˜)
·
∫ t
0 f(r)
n−1dr
tn
.
The Bishop volume comparison theorem [3] and the Bishop–Gromov one in radial curva-
ture geometry [19] show that limt→∞ volBt(p)/ volBt(o˜) exists in [0, 1]. Moreover since
f is smooth and limt→∞ t
n−1 = ∞, it follows from l’Hoˆpital’s theorem (cf. [22, Lemma
5.2.1]) and the isoperimetric inequality ([22, Theorem 5.2.1]) that
lim
t→∞
∫ t
0
f(r)n−1dr
tn
= lim
t→∞
f(t)n−1
n · tn−1
=
1
n · (2π)n−1
lim
t→∞
{2πf(t)
t
}n−1
(3.2)
=
1
n · (2π)n−1
{2π − c(M˜2)}n−1 =
1
n
{
1−
c(M˜2)
2π
}n−1
.
We therefore see, by Eqs. (3.1) and (3.2), that limt→∞ volBt(p)/t
n exists in [0,∞), for
c(M˜2) ∈ (−∞, 2π]. ✷
In addition we now assume that limt→∞ volBt(p)/t
n is positive.
Lemma 3.2 M has finite topological type.
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Proof. By the additional assumption there are two positive constants α1, α2 (α1 < α2)
such that limt→∞ volBt(p)/t
n exists in [α1, α2]. From this, Eqs. (3.1) and (3.2) show
(3.3) α1 ≤
ωn−1
n
·
{
1−
c(M˜2)
2π
}n−1
· lim
t→∞
volBt(p)
volBt(o˜)
≤ α2.
Since α1 > 0, limt→∞ volBt(p)/ volBt(o˜) is positive, and hence, by Eq. (3.3), we obtain
two positive constants β1(n), β2(n) given by
βi(n) :=
n · αi
ωn−1 · lim
t→∞
volBt(p)
volBt(o˜)
for each i = 1, 2 such that
(3.4) β1(n) ≤
{
1−
c(M˜2)
2π
}n−1
≤ β2(n).
Eq. (3.4) thus implies that c(M˜2) is the finite total curvature less than 2π. It therefore
follows from [23, Theorem 1.3] that M has finite topological type. ✷
From the argument in the proof of Lemma 3.2 we have the following corollary.
Corollary 3.3 c(M˜2) ∈ (−∞, 2π).
It then follows from Lemma 2.1 that there is a noncompact surface of revolution
(M∗, p∗) with a metric dt2+m(t)2dθ2, (t, θ) ∈ (0,∞)×S1p∗ , satisfying the Jacobi equation
m′′(t)+G∗(t)m(t) = 0 with m(0) = 0 and m′(0) = 1 such that its total curvature c(M∗)
is finite. Here G∗(t) := min{K˜(t), 0} (t ∈ [0,∞)) where K˜ denotes the radial curvature
function of M˜2. Note that c(M∗) ∈ (−∞, 0], for G∗ ≤ 0 on [0,∞).
Lemma 3.4 The number of ends of M is less than or equal to 2{1− c(M∗)/2π}n−1.
Proof. We will first remark that we can employ (M∗, p∗) as a reference surface in The-
orem 2.2. Indeed since K˜ ≥ G∗ on [0,∞), the radial curvature of M at p is bounded
from below by G∗. Moreover since M∗ is a Cartan–Hadamard surface of revolution (i.e.,
G∗ ≤ 0), the set V ∗(π) := {x∗ ∈ M∗ | 0 < θ(x∗) < π} has no pair of cut points, and
hence the sufficient condition of Theorem 2.2 is satisfied.
Our argument below is essentially made along the same line as done in the proof of [14,
Theorem C]: Let Ends(M) be the set of all ends of M . SinceM is complete noncompact,
M has at least one end, and hence we can assume for our purpose that #Ends(M) ≥ 2.
There are then a compact set D in M and two sequences {xi}i∈N and {yi}i∈N of points
xi, yi ∈ M which diverge to infinity
1, respectively, such that 0 < limi→∞ d(xi, yi) = ∞,
and that for each i ∈ N every curve joining xi and yi gets caught in D. Let {ξi}i∈N be a
sequence of minimal geodesic segments ξi emanating from xi to yi. Since ξi ∩D 6= ∅ for
each i ∈ N, {ξi}i∈N converges a line, denoted by ζ : (−∞,∞) −→ M , by letting i → ∞
such that
(3.5) ζ|(−∞, 0] ∈ e1, ζ|[0,∞) ∈ e2
1A sequence of points in a complete noncompact Riemannian manifold is said to diverge to infinity
if for any compact set in the manifold just finitely many numbers of the sequence are contained in the
compact set.
6
where e1, e2 ∈ Ends(M) are represented by {xi}i∈N, {yi}i∈N, respectively, so e1 6= e2.
Since D is compact, there is a nongegative constant a0 given by a0 := max{d(p, x) |x ∈
D}. Since ζ passes D, we can assume, taking a reparametrization of ζ if necessary, that
ζ(0) ∈ D. We then have
(3.6) d(p, ζ(0)) ≤ a0.
For each m ∈ N let ζm := ζ|[−m,m]. Since M is complete, there are two minimal geodesic
segment γ−m and γ+m emanating from p to ζ(−m) and to ζ(m), respectively. Let
t±m := d(p, ζ(±m)). Note that γ±(t
±
m) = ζ(±m) and limm→∞ t
±
m =∞.
Fix m ∈ N. Let △(p ζ(−m) ζ(m)) denote the geodesic triangle in M whose sides are
ζm and γ±m. By applying Theorem 2.2 to △(p ζ(−m) ζ(m)), there is a unique geodesic
triangle△(p∗ζ∗(−m)ζ∗(m)) inM∗ made up three sides ζ∗m and γ
∗
±m corresponding to ζm
and γ±m, respectively, such that each side satisfies Eq. (2.1) for x = ζ(−m), y = ζ(m),
p˜ = p∗, x˜ = ζ∗(−m), and y˜ = ζ∗(m), and that each angle at each apex satisfies
(3.7) ∠(γ′−m(0), γ
′
+m(0)) ≥ ∠((γ
∗
−m)
′(0), (γ∗+m)
′(0)),
(3.8) ∠(±γ′±m(t
±
m), ζ
′
m(±m)) ≥ ∠(±(γ
∗
±m)
′(t±m), (ζ
∗
m)
′(±m))
where (γ∗±m)
′(t±m) := (dγ
∗
±m/dt)(t
±
m) and (ζ
∗
m)
′(±m) := (dζ∗m/dt)(±m). Eqs. (2.1) and
(3.6)–(3.8) (i.e., Aleksandrov’s convexity) imply d∗(p∗, ζ∗m(0)) ≤ d(p, ζm(0)) ≤ a0 where
d∗ denotes the distance function ofM∗, and hence for eachm ∈ N, ζ∗m intersects the closed
metric ball Ba0(p
∗) ⊂ M∗ with center p∗ and radius a0. There is thus a subsequence
{mi}i∈N of {m}m∈N such that the sequence {ζ∗mi}i∈N of geodesic segments ζ
∗
mi converges
to a line ζ∗∞ : (−∞,∞) −→ M
∗ by letting i → ∞, which passes Ba0(p
∗). At the same
time we can assume, taking subsequences if necessary, that the sequences {γ±mi}i∈N
and {γ∗±mi}i∈N have the limits γ±∞ and γ
∗
±∞, which are rays emanating from p and p
∗,
respectively. Since ζ|(−∞,0] and γ−∞ are cofinal
2 and ζ|[0,∞) and γ+∞ are too, Eq. (3.5)
gives
(3.9) γ−∞ ∈ e1, γ+∞ ∈ e2.
By setting δp := ∠(γ
′
−∞(0), γ
′
+∞(0)) and δp∗ := ∠((γ
∗
−∞)
′(0), (γ∗+∞)
′(0)), Eq. (3.7) for
m = mi by letting i→∞ gives
(3.10) δp ≥ δp∗ .
Moreover Lemma 2.3 shows limi→∞ ∠(±γ′±mi(t
±
mi), ζ
′
mi(±mi)) = 0, and hence Eq. (3.8)
for m = mi gives
(3.11) ∠(±(γ∗±∞)
′(∞), (ζ∗∞)
′(±∞)) = 0
by letting i→∞. Let X∗ be the domain in M∗ bounded by γ∗±∞([0,∞)) and containing
ζ∗∞, Y
∗ the half plane in X∗ bounded by ζ∗∞, and Z
∗ := X∗ \ Y ∗. Let c(X∗), c(Y ∗),
and c(Z∗) denote total curvatures of X∗, Y ∗, and Z∗, respectively. Applying the Gauss–
Bonnet theorem to △∗i := △(p
∗ζ∗(−mi)ζ∗(mi)) ⊂M∗ for each i ∈ N, we have
c(△∗i ) = ∠((γ
∗
−mi)
′(0), (γ∗+mi)
′(0)) + ∠((γ∗+mi)
′(t+mi), (ζ
∗
mi)
′(mi))(3.12)
+ ∠(−(γ∗−mi)
′(t−mi), (ζ
∗
mi)
′(−mi))− π.
2We call two curves α, β : [0,∞) −→ M cofinal if for any compact set D′ ⊂ M there is a positive
number T such that if t1, t2 ≥ T , then α(t1) and β(t2) are contained in the same connected component
of M \D′.
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Since Z∗ = limi→∞△∗i , Eqs. (3.11) and (3.12) show c(Z
∗) = δp∗ − π. Since c(Y ∗) ≤ 0,
for G∗ ≤ 0, we have
(3.13)
δp∗
2π
c(M∗) = c(X∗) = c(Y ∗) + c(Z∗) ≤ δp∗ − π.
Since 2π − c(M∗) > 0, combining Eq. (3.10) and Eq. (3.13), we get
(3.14)
2π2
2π − c(M∗)
≤ δp∗ ≤ δp.
For each e ∈ Ends(M) pick ve ∈ Sn−1p such a way that the ray γve : [0,∞) −→ M
with γve(0) = p and γ
′
ve(0) = ve satisfies γve ∈ e where S
n−1
p := {v ∈ TpM | ‖v‖ = 1}.
Let {Bλ(ve)}e∈Ends(M) be a family of the open balls Bλ(ve) ⊂ S
n−1
p with centers ve and
radii λ := π2/{2π− c(M∗)} (as the angle distance). By taking the definition of ends into
account, Eqs. (3.9) and (3.14) imply that elements of {Bλ(ve)}e∈Ends(M) are mutually
disjoint. Since #Ends(M) = #{Bλ(ve)}e∈Ends(M), the packing lemma shows that
#Ends(M) ≤ 2
( π
2λ
)n−1
= 2
{
1−
c(M∗)
2π
}n−1
which is the desired assertion in this lemma. ✷
Lemmas 3.1–3.4 complete the proof of Theorem 1.3. ✷
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